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Abstract

Let G be a (p,q)-graph. An injective function f: V(G) —{ lo, Iy, I, ls. . I} (a € N), is said to be Lucas graceful
labeling if an induced edge labeling f;( uv )= | f(u)- f(v) | is a bijection onto the set {11 | 5, | 5. . .lg}. Then G is called
Lucas graceful graph if it admits Lucas graceful labeling. In this paper, we show that the Transformed Tree (Tp-Tree) is

Lucas graceful graph.
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Introduction

By a graph, we mean a finite undirected graph
without loops or multiple edges. A tree is a connected
graph T without cycles. The graph labeling involves
labeling vertices or edges or both, using integers subject
to certain conditions. The concept of graceful labeling
was introduced by Rosa [4] in 1967. A complete and
current summary of graceful and non-graceful results
along with some unproven conjectures can be found in
Gallian [2] dynamic survey of graceful labeling.
M.A.Perumal, S,Navaneetha krishnan and A.Nagarajan
[3] have proved that some graphs admit Lucas graceful
labeling.

A function f is a graceful labeling of a graph G
with g edges if f is an injection from the vertices of G to
the set {0, 1, 2, 3. . .q} such that when each edge uv is
assigned the label |f(u)- f(Vv)|, the resulting edge labels are
distinct. A graph is graceful if it has a graceful labeling.

Let G be a (p,q) - graph. An injective function f
:V(G)— {lo Iy, I, 3. . 13},(a e N), is said to be Lucas
graceful labeling if an induced edge labeling f;(uv ) = |
f(u)-f(v)|isabijectiononto the set {11 1, I5.. .1}
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with the assumption of 15=0,1,=1,1,=3,13=4,1;=7,
Is=11,I = 18. . . Then G is called Lucas graceful graph
if it admits Lucas graceful labeling. In this paper, we
show that the Transformed Tree (Tp-Tree) is Lucas
graceful graph.

Main results
Definition 2.1 - Tp- Tree (Transformed Tree):

Let T be a tree and ug and v, be two adjacent
vertices in T. Let there be two pendent vertices u and v in
T such that the length of ug-u path is equal to the length
of vo-v path. If the edge ug vy is deleted from T and u and
v are joined by an edge uv, then such a transformation of
T is called elementary parallel transformation (or an ept)
and the edge ug vy is called transformable edge. If by a
sequence of ept’s T can be reduced to a path then T is
called a Tp-Tree (transformed Tree) and any such
sequence regarded as a composition of mappings (ept’s)
denoted by P, is called parallel transformation of T. The
path, the image of T under P is denoted by P(T). A T,-
tree and a sequence of two ept’s reducing it to a path are
illustrated in Fig. 1.
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® 'S T ® ® ® ® X y
[y Xo Yo ® Xo Yo ® ® P
Ug Vo * * 1 ¢ ® 4 ®
.L l ° u \/ P u \/ P
a) AT,tree T b) Anept Py(T) c) Second ept Py(T)
Fig. 1
Theorem : 2.2.

Transformed tree (Tp-Tree) G with 4n vertices is a Lucas graceful graph.
Proof : Let G be a graph with vertex set V(G) = {ug, Uo...un } U { vy, Vo,....
(G)|=4n,|E(G)|=4n-1

The arbitrary labeling of T,-tree G is shown in figure.

v b U {w,Ws...... wh} U { X0, X0....x0} V

Ure Use Use elUs . . . un_lT Tun
\Zi Vs V3 A Vh-1 Vi
Wie Woye— W3 W, Whp-1¢ A
X1e X2e X3 X4 -+ = Xn'ch cLXn

Fig. 2 :Arbitrary labeling of T-tree G
The mapping f :V (G) = {l,.1,,....1,.},a € N is defined by,

Fu) =1, F(w) =1, f(w)=1,, f(x)=1,

Case (i) when n is even, the corresponding labeling is defined by,
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f(u2|) 4n 2-8(i 1)’1< I<n- 3 f(V2|) 4n 1—8(i—l)’lSiS n_3’

FWyi) = lin a0 1SS0 =3, (%) =4y gy, 1T <=3,
f (X 6) =13,1<i<n=3,f(u,,,) =1, 545,11 <N-4
F(Vaia) = linrgony 1T <N =4, T (W) =y 5 g0 1< <-4,

f (X2i+1) = I4n—6—8(i,1) 1<i<n-4
Next, we claim that the edge labels are distinct. Let,

. = {fi(uyv,):1<i<n-3}
= {|f(uy) - f(vy)|:1<i<n-3}

= 4 u) = T F ) = F O] F Unye) = T (Vo))
{|I4n 2 4n 1| |I4n -10 4n 9| |30 4n |31—4n|}
{I4n 31 4n 11 29 4n}

E, = {fi(Uy,Vy.,):0<i<n-4}

= {| f (u2i+1)_ f(v2i+1) 0<i< n_4}
= {1F Q) = FO ] (uy) = F )], (U) = F (V)| | F (Ug ) = F (V1))
{|I1 o| |I4n 8 4n 7| |I4n—16 4n—15|""’|l32—4n_|33—4n|}
{Il I4n 91 4n 177 31 4n}

E, = {f(v,w,):1<i<n-3}
= {|f(vy) - f(wy):1<i<n-3}

{|f(V )_ f(W )| |f(V4)_ f(W )|, ’|f(Vzn 6) f(WZn e)|}
{|I4n 4n 3| |I4n 9 4n—11|""’||31—4n _|29—4n|}
{I4n 21 4n—107 " 30 An}

E, = {fi(VaWy.,):0<i<n-4}
= {| f (V2i+1)_ f (W2i+1)| :0<i<n- 4}

= )= FO)L]Fva) = F W) (V)= F W) oo F (Vo) = F ()}
{|Io 2| |I4n15 4nl3|' ’|33—4n_|35—4n|}
= L.

I I4n 6 4n 141+ 34 An}
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E; = {fi(w;Xxy):1<i<n-3}
= {|f(wy) - f(x;):1<i<n-3}

= {1F ) = FOR W) = F (X F Wy o) = F O )]}
{|I4n 3 4n 4| |I4n 11 4n 12|’ 7| 29-4n |3|}
{I4n 57 4n —131 "1 28 4n}

E6 - {f( 2i+1 2|+1)30£ign_4}
- {| f(w,,,) - f(X2i+l)| :0<i<n-4}

= {F ) = FOOL]T ) = T O] T WG) = F )] evos | F (W) = F (X))
{||2 4| |I4n 5 4n 6| |I4n 13 4n—14|7""||35—4n _|34—4n|}
{I4n 21! 4n -151"*" 33 4n}

E, = {f,(vy1%,,):0<i<n—-4,1<j<n-3}
= {|f (V) T ()| :0<i<n-41< j<n-3}
{If(V)—f(V)IIf(V)—f(V)I, o Vo r) = F (Vo))
= {llo —Vincal Mlanr = Lans ol an = o}

{An -11%4n-81" ’32 An}

Es = {fi(wyw,,,):1<i<n-4,1<j<n-4}
{‘ f (W2|) f (W21+1)

= (1T (wW,) = F W)L f () = F (W] | F (W) = F (W)}

1<i<n-4,1<j<n-4}

{ 4n 5| |I4n 1 4n—13|""’|l37—4n _|35—4n|}

- {|4n 4 I4n -121 I
Now, E=E UE, U..UE; ={l,,1,,..1,, ,.1,, .} So, the edges of G receive the distinct labels. Therefore,
is a Lucas graceful labeling. Hence, T, - tree G with | V (G) | = 4n, (n is even) is a Lucas graceful graph.

36— 4n}
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Case (ii) when n is odd, the corresponding labeling is defined by,
fUp) = linpaia 1Si<N=4,(v,) =l g0.1<i<n-4,
f(wy) = 4n—3—8(|—1)’1£ i<n-4,f(x;) = I4n—4—8(|—1)'1g I<n-4,
fUy )=k, FUy,) = I4n—8—8(i—1) 1<i<n-4
f(v

1) = I4n—7—8(i—1) A1<i<n-4,f (W2i+1) = I4n—5—8(i—l) 1<i<n-4,

2i+

f (X2i+1) = I4n—6—8(i71) ,1S | <n-4
Now, we claim that the edge labels are distinct

Let
E, = {fi(u,v,):1<i<n-4}
= {|f(uy) - f(vy)|:1<i<n-4]
= {|f(u2)_ f(V2)|,|f(U4)—f(V4)|,...,|f(U2n78)—f(V2n78)|}

{ 4n—1| |I4n 10 4n—9|""’|l38—4n _|37—4n|}

{4n 3 4n—1l’ 3 36 4n}

EZ {f (u2|+1 2|+1) 0 < I <n- 4}
{ f (u2|+1) f (V2|+1)| 0 < I <n- 4}

{If(ul)— FOL] T () = F ()]l (us) = T (V). }
|f(u2n 7) f(VZn 7)|

{ o| |I4n 8 4n 7| |I4n—16 4n—15|""'||32—4n _|31—4n|}

{ 4n-9» 4n—l7’ ’30 4n}

E, = {f,(v,w, )1<|<n 4}
= {|f(vy)— f(wy):1<i<n-4}

{f(V)—f(W)IIf(V)—f(W)I, | (Vo 8) = F (W06
{ 4n 3| |I4n9 4n 11| |39 4n |37—4n|}

{ 4n-2? 4n—10’ 38 4n}

E4 {f (V2|+1W2l+1) 0 < I <n- 3}
{ f (V2|+1) f (WZ +1)| O < I < n- 3}

{If(v) F W], F () = F )], (V) = F (W), }
|f(V2n 5) f(Wzn 5)|

{|Io 2| |I4n 77 4n 5| |I4n -15 4n 13| |33 4n |35—4n|}

I I4n 6! 4n—14’ " 34 4n}

International Journal of Recent Research and Applied Studies, Volume 3, Issue 12 (7) December 2016

ISSN: 2349 — 4891

35



Jenipa. 2016 ISSN: 2349 — 4891

s = {fi(wyx,):1<i<n-4}
{|f(wy)— ) 1<i<n-4}
) = £ ORI W) = £ )| (Wap ) = T ()]}
{|I4n 4n 4| |I4n—11 4n—12| |37 4n |38—4n|}

{I4n 5 I4n—13’ te |39—4n}

- {f( 2i+1 2i+l):ogign_4}
|f(W2|+1) f(X2|+l)| O<I<n 4}

{| fwy) = F O] (ws) = T ()] T (ws) — f(Xs)|,---,}
| f (W2n—7) —f (X2n—7)|

4| |I4n 5 4n—6|’|l4n—13 4n—14| |35 4n |36—4n|}

= {I

{ |37—4n}
= {f,(Vy.V,;):0<i<n-51<j<n-4}
{

4n-77 4n —151**"

|f (V) — f(v;)]:0<i<n-51<j<n-4}

| f (V1) —f (V )| | f (Vs) —f (V4)| | f (Vzn—g) —f (V2n—8)|}

4n—1| |I4n 7 4n 9| | 41-4n |39—4n|}

4n-11 4n 81" 40 An}

L (W, J+l) 1<i<n-31<j<n-3}

m
[ec]
I

:1<i<n-31<j<n-3}
F(w,) = £ ()], | £ (W) = F (We)|, | F (W) = T (W 5)]}

|I4n 37 4n 5| |I4n—11 4n—13| |29 4n |27—4n|}

L8
{l
{f
{1 )= f(w,,.)
{
{
{

I4n 41 4n—12’ 28 An}

Now, E=E UE, U..UE; ={l,1,,....1,, ,}.So, the edge of G receive the distinct labels. Therefore, f is a
Lucas graceful labeling. Hence, T,- tree with |V (G) | = 4n, (nis odd ) is a Lucas graceful graph.

3. Example
(i) The Ty-tree admit Lucas graceful labeling, when n is even. When n=6, |V (G) | = 24 using case ( i ) of theorem
2.2,

Define f :V(G) = {l,1,,...,1,.}
The corresponding labeling is defined by,
flu) =L, f(v) =l fw)=1,f(x)=,

36
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fuy) = |22—8(i—1) 1<i<3 f(v,) = |23—8(i—l) 1<i<3,

f (Wzi) = |21—8(i—1)’1£ <3 f (Xzi) 20—8( —1)’1S 1<3,
f(X)=13,1<i <3, f(uy,,) =l g4, 1<1<2

f (V2i+1) = I17—8(i—1) 1<i<2, f (W2|+1) = I19—8(|—1) 1<i<2,

f (X2i+l) = I1878(i,1) JA1<i1<2
Next, we claim that the edge labels are distinct. Let

E, = {f(u,v,):1<i<3}
= {|f(uy)—f(vy)|:1<i<3}
= {[f(u) = FW)[ [ F(u) = F ()| (Ug) = F (v}
=l =t o =l 1)
= {1
E, = {fi(uy,Vv,.,,):0<1<2}
= {[FUy0) = F(vy,)]:0<i <2}

= {| f (ul) —f (V1)|1| f (U3) — f (V3)|,| f (U5) — f (V5)|}

{|Il_|0|’||16_Il7|’||8_|9|}
= {I I, | }

E, = {f,(y,w,):1<i<3}

= {|f(vy) - f(wy)|:1<i<3}

= {[(v,) = FW)], | F(va) = £ (W,)]| £ (V) = T (we))}
= {lls =il s =i [l = L[}

= {la2 b e}

E, ={f, (V2.+1W2.+1) 0<i<2}
{| f (V2|+1) f (WZ +1)| O < I < 2}

= {1 £ ) = F O] Fva) = F QW) ()~ F ()]}
{|Io 2| |I17 19|’||9_|11|}
= {larhe b
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E. = {f(wyx,):1<i<3}
= {|f(wy) - f(x,)]:1<i <3}
= {[f (W)= F O] F (W) = F (x| [ F (W) = ()]}
= {0 = ol [l = Lo 15 = s[
= {hoobi L}

E, = {f,(W,, X, ):0<i<2}
= {[f (W)~ (%) :0<i<2)
= {[F0w) = F O, | f (W) = F O)],| F (we) = £ (%)}
= {1 =Ll fhs = s by =L} = {15,171}

E, = {f,(v,;.,):0<i<21<[<3}
= {\f(vm)—f(vzj)\:osisz,lsjs3}
£ )= F Q]| F () = £ ()] (%) = £ ()]}
BHM sl =1y}

=
= {lk
= {lahols)
E, ={f ( W) 1<i<2,1<j<2}
=
= |{
= {
= |

11<i<2,1<j<2}

\umo f (W, )
| F(w,) = (wy)], | F (w,)—  (w5)]}

||21 19| ||13 11|}

Lo, 1, }
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Now, E=E UE,U..UE; ={l,,1,,1,,...,1,;}. So, the edges of G receive the distinct labels. Therefore, f is a
Lucas graceful labeling. Hence, T, - tree G with | V (G) | = 4n, (n is even) admits a Lucas graceful labeling which is shown
in Fig.3.
(i) The T,-tree admit Lucas graceful labeling, when n is odd. When n=7, | V (G) | = 28 using case ( ii ) of theorem 2.2,
Define

1® ®l, ®l6 ®lyy ®l; ® |
I]_ IZ]_ |15 |13 |7 |5
|
IO‘—IE_TIZS |17Q—|J-5——T|15 |9.___8___'|7
I, 122 |1 |14 l10 ls
|2? |21L——4°—T|19 I3 I I I5
|3 |19 I17 Ill |9 |4
lse el olis 1o ol ols
Fig. 3

f:V(G)—>{,.l,..1.}
The corresponding labeling is defined by,

Flu) =1, f(v) =k, fw)=1, ()=,
FUz) = b gy 1ST<3,1(vy) = |y g44),1<0<3,

flwy) = Izs—s(i-l)’lS 1<3,f(x;) = |24—8(i—1)’1S i<3,
fUys)= 1 F(Uyyy) = by gy, 1<T<3
f(Vy0) = |21—8(i—l)’1£ <3 f(w,,) = |23-8(i—1)’1S i<3,

f (X2i+1) = |22—8(i,1) 1<i<3
Now, we claim that the edge labels are distinct, Let,

E = {f(u,v,):1<i<3}
= {|f(uy) - f(vy)]:1<i<3}

= {[F )= F W) f(u) = F )] f (ug) = £ (%)}

= {llos =Ly g =l g =L}

= {

Izs’ 171 }

39
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E, = {f,(Uy,V,,,):0<i<3}

= {|f(Uy.y) — F(Vy,)]:0<i <3}
= {IF )= F L] () = F v F ug) = F Q][ F () = F(v,)}
= Al =tol: [l = L] o = s 15 =}
= {I

g 11, }

E, = {f,(vyW,):1<i<3}

= {|f(vy) - f(w,)|:1<i<3}
= ([T ) = F W], | F (V)= FW,)[.]F(v5) = F (wy)]}
= {1y = Las|: s = sl = Le[
= {ls

I I18 ' I10 }

E, = {f,(v;. W,,):0<i<3}

= {[f (Vy0)— F(Wy,y)|:0<i <3}
{1F )= F )] F (V)= F (W], F (V)= F (W], F (v)— F (w,)]}
o =Ll oy =Lag] s = e Jls = L[}
{

|2 |22’Il4’|6}

m
(52}
I

{f,(Wyx,):1<i <3}
{|f(wy)—f(x)|:1<i <3}

1 5) = £ O] (wy) = F ()| f () = £ ()]}
{Its =l iy =Ll fls =L}

{ls b 7}

E, = {f,(Wy,,X,,,):0<i<3}
= {| f (W2i+l)_ f (X2i+1)

:0<i<3}

40
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£ W) = F O] T (ws) = T (%) £ (ws) = F O] F (W) = F(x,)]}

||2 4| ||23 22|7||15_Il4|’||7_|6|}
l.,

21’13' }
0<i<21<j<3}

( 2|+l 2j

| f (V) — F(v,))]:0<i<2,1< <3}

= |

=4

= {L!

- {f

{

{IF )= ) F ()= F O] F (%) = T (6]}
= {llo =Ll =i s =L}

{l

{

= {If(

= {

= |

= |

27 20’ }

ISSN: 2349 — 4891

Eg = f(W2|WZJ+1) 1<|<31<J<3}
wy,)— (W) :1<i<31< j<3}

£ () — F ()], F (w)— F ()] | (W)= F (w,)]}

|I25 23| |I17 15|'|I9 _|7|}

|24’ 167 }
|1. .|25 .|20 .I18 .|12 .|1o .|3
|1 |25 I19 |17 |11 |9 |4

|
l 7 o Ly lu® l20 _dl; | .¢——12—el) ol;
| I
I, 6 22 |15 H L0 ls
|24 l ®

e l2s s e s g PR
|3 |23 I21 |15 |13 I7 I5

L o ol ol l1co el ols ol

NOW, Flg 4

E=E UE,u.UE ={l,1,,1,,....1;}

. So, the edge of G receive the distinct labels. Therefore,

f is a Lucas graceful labeling. Hence, T,- tree with | V which is shown inFig.4.
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